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Abstract 

Various links connecting well-known hydrodynamic chains and corresponding 
2+1 nonlinear equations are described. 
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1 Introduction 

Theory of integrable hydrodynamic chains started with famous paper [l] (see also, [2], 
[6], [7], [8], [9], [10], [12], [20]). Recent investigations are obtained in [3] and in [15] 
(see also, [5], [4]). 

This paper is devoted to a description of various links associated with the integrable 
hydrodynamic chain 



B% = B k +1 + -B°B% + (k + l)B k B% keZ. (1) 
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which is a particular case of extended Kupershmidt hydrodynamic chains (see [11], [16]) 



B k = B k f l + ^B°B% + (k + i)B k B% , k e Z. 



This hydrodynamic chain can be written in the Hamiltonian form 
B% = [(2k + l)B k+n D t o + (2n + l)D t oB k + n }^. 



where the Hamiltonian is given by Hi = J[5 1 /3 + (B ) 2 /4]dt° . The extended Kupersh- 
midt hydrodynamic chains possess an infinite series of conservation laws. All positive con- 
servation law densities h n are polynomial with respect to positive moments B k . Negative 
conservation law densities h- n are more complicated. For instance, h-i = —2 exp(5 _1 /2), 
h-2 = — B~ 2 exp(3-B _1 /2)/3. Thus, the above hydrodynamic chain possesses an infinite 
series of commuting flows. For instance, two first negative flows are 



t° J> 



(2) 



B k . 2 = e 3B "/ 2 



r>k-2 
B t0 



B- 



-B 



fc-i 



-kB k ~ l B~ 2 + {k- l)B k ~ 2 ) B^ 1 - kB k ~ l B;^ 



5) 



2 Dispersionless Veselov— Novikov equations 

The first negative commuting flow (2) is invariant (see [16]) under a transformation of 
independent variables t° <-> and the substitution 

B k = ^-fc-ZgCfc+iJs- 1 _ 

All other commuting flows are invariant under a transformation of independent variables 
t fe_1 <-* t~ k . For instance, the second commuting flow (3) transforms into (1), while (1) 
transforms into (3). 

Let us combine these commuting flows, i.e. we have new integrable hydrodynamic 
chain 



B 



B k+1 + ^-B k + (k + l)B k B 



B 



k D o 

to 



(4) 



+e 3fl"V2 



D-2 

Tjk-2 , ±> Dfe-1 

-t> t o H z — i>,n 



-kB k B~ + (k - l)5 fe " 2 ) - kB k - l B t0 



determined by the mixed Hamiltonian H = Hx+H^ = j[B l /3+{B G f / A-B~ 2 exp(3B~ 1 /2)/3}dt° 
(see (1) and (3)). 

Introducing new field variables 



B { 



u = e 



B-72 



B~ 



w 



-B- 



two conservation laws (see (2)) 

d t -^ = d t oe B -^, 



d t -,e B - l l* = d t J B ~ 2 » B 



can be written in Egorov's form (see [19], [15]) 

V t -i = U t o, U t -1 = W t o. 
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These conservation laws together with the conservation law (see (4)) 

ut = (uv) t o + (uw) t -i 

determine a dispersionless limit of the remarkable symmetric Veselov-Novikov equation 

ttt°t-H = (^tot-i^W)* + (^tot-^t-i-t-^t- 1 , (5) 

where 

v = fi(0 4 o, u = VL t o t -i, w = Vt t -i t -i. 

Another 2+1 quasilinear system of the first order can be derived from the Kupershmidt 
hydro dynamic chain (1) and its first higher commuting flow 

B% = B^+ 3 -B°B^+(^- + B*+(k+2)B k+1 B? + (k+l)B k (b^ + 

determined by the Hamiltonian H 2 = J[B 2 /5 + B°B 1 /2 + 5(£°) 3 /24]dt°. 
First two conservation laws of the Kupershmidt hydrodynamic chain (1) 

B% = d t0 (V + Jj(i? ) 2 ) , d t , (V + jj(5 ) 2 ) = d t0 (V + 22?°5 1 + \{B 

and first conservation law of its above higher commuting flow 

B%=d t , (b 2 + W + |(5°) 3 

can be written together as a dispersionless limit of non-symmetric Veselov-Novikov equa- 
tion 

£Vti = ^to<2 — Vt t Q t oVt t a t i + -Vt\o t o, (6) 

where 

Q t0tl = ^_ + 6 -{B°)\ n t0f2 = — + -B°B l + -{B Q f. 
tt 2 8 2 4 48 

Remark: The symmetric dispersionless Veselov-Novikov equation (5) can be obtained 
from the compatibility condition d t i(d t -ip) = d t -i(d t ip), where the generating function of 
conservation law densities p satisfies 

u ( p 3 uw u 3 



0\3 



p t -i = -d t o-, p t = d t o — + vp 

p \ 6 p dp 

while the non-symmetric dispersionless Veselov-Novikov equation (6) can be obtained 
from the compatibility condition d t i(d t 2p) = d t 2(d t ip), where the generating function of 
conservation law densities p satisfies 



— + VLfitop 3 + (^W + ^t t°) p 
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Corresponding Gibbons equations (see [6], [17]) associated with the above hydrodynamic 
chains are 

'p3 





V - (p 2 


+ v) X t o = 


dX 
dp 




( uw 

V v 


u 3 \ . 

— ) X t o = 


OX 
dp 




I o UW 

[p + v + ^r + 


> - 


dX 
dp 




X t -i 


OAto = 


dX 
dp 


X t 2 — 


(p A + 3vp 2 + v 2 


+ s) X t o = 


dX 
dp 



Pi 1 - dp I y - 



. uw u 
p t -2 +d t o [ — + — 

p 6p A 



. p 3 UW u 3 



p t -i + d t o 



u 



V 

p t 2 - dp ^jr + vp 3 + {v 2 + s)p 

where v = Flpp, s = f^o* 1 ; and (6) can be written as 2+1 quasilinear system of the first 
order 



d t iv = dps, d t is = d t 2v + d t o \ — - 

Remark: Since the function Q is unique for both Veselov-Novikov equations, both of 
them possess the same set of hydrodynamic reductions determined by the Gibbons-Tsarev 
system (see [8], [16]). 



3 Modified VN equation 

The generating function of conservation laws and commuting flows (see [16]) is given by 



o m 1~ , p(A) -p(C) 
d ^ p{X) = 2 dt0ln p(X) +P (0 



(7) 



where p(X) can be found due to the Burmann-Lagrange series (see, for instance, [13]) 
from the Riemann mappings 



A| P ^oo = £> 2 exp ( ^ 

yk=0 



P 



,2(fe+l) 



,fc=l 



In this section we consider another expansion 

p(A) = h + Xh 1 + X 2 ~h 2 + ..., A^O, (8) 

where A is another local parameter. In such a case, (7) leads to an infinite series of 
generating functions 



d T op(X) = -dp In ^— ^ — 



d T ip(X) = -dp 



hip(X) 
P 2 (X)-~h 2 ' 



where 

d T (x) = d T o + Xd T i + X 2 d T 2 + ... 
Introducing a new generating function of conservation law densities 

p(A)=ln^l±^, (9) 
p(X) - h 

and eliminating t°, both above generating functions can be written in the form 

d T ip(\) = d T o (b- sinhp(A) j (10) 

which is a first coefficient from (7) (see (9) and [15]) 

=pO) _ P p(0 



d T{0 p(X) = d T o ln-^ (A)+ . (c) _ i . 

Substituting the Taylor expansion (8) into the above generating functions, one can 
obtain new 2+1 nonlinear equations 

Q T o r o = — In f r , f2 T i r i = f2 T o r 2 — fi^o r i + — exp(4f2 r o r o), 
2 \lfO T o 2 

where hk = ^o r fe, because p(X) = fl t °T(x) (the last formula is a consequence of (7), if 
p —> oo). 

Remark: The second above equation was found in [15]. This is a nontrivial general- 
ization of a continuum limit of discrete KP hierarchy (see, for instance, [14]). Thus, we 
described links between different well-known 2+1 integrable equations in this paper. 

Theorem: The hydrodynamic chain 

, A k t x (k + 2)A k+1 -kA k ~ 1 A n , , . 

A ^ = ^T-- -Jjpy A ^ k = 0,1,2,... (11) 

satisfies the Gibbons equation 

. coshp / sinhp\ 

v — Jq— ■ A T o = Xp \p T i - d T»^r I , (12) 

where the equation of the Riemann surface is given by 

A = (13) 

71=0 J 

Proof: The substitution (11) and (13) in (12) leads to an identity. 
Theorem: The above hydrodynamic chain (11) is Hamiltonian 

A k Tl = [[{k + 2)A k ^ - kA k ~ 1 ]D T o + A^ 1 ] 



where the Hamiltonian density h = In A . 

Proof: Integrable hydrodynamic chains associated with more general Hamiltonian 
structure were considered in [18]. 

Remark: Simplest hydrodynamic reductions 



all = d T o 



sinh a 1 



are given by the moment decomposition 

N 



N N 

Ak = ^5>( coshai ) fc+1 ' k = °> x > 2 ' ■■■> 5> = 

i=l i=l 



Theorem: 2+1 nonlinear equation 



£7 r i T i = ^r°r 2 - -j^ 2 T o T i + eexp(-2fi r o T o) 

can be determined from the compatibility condition d T i(d T 2p) = d T 2(d T ip), where the gen- 
erating functions of conservation laws are given by 



p T i = d T o[e (e p + ee p )], p T 2 = d T o 

where U = fi r o T o, V = O r o T i. 

Remark: Substituting the transformation 



;2p _ e 2g-2p 



-2U 



V(e p - ee~ p )e 



fx = e 



' u (e p + ee~ p ) - V 



into the above generating functions and eliminating r°, one can obtain the generating 
function of conservation laws 



fi T 2 = d T i 



^y^VO* + Vf - 4ee~ 2U - V(fi + V) - W 



generalizing (e = 0) the generating function of conservation laws for the Benney hydro- 
dynamic chain 

V v 2 



fi T 2 = d T i 



W 

2 2 



where W = Q T o T 2. Such a transformation for e = was found first by Yuji Kodama (see, 
for instance, [14]). 

Let us introduce new notations U = —C~ l , V = —C° and q = p — U . 

Theorem: The integrable hydrodynamic chain 



T 1 



C r o, C°! = d T o (C 1 - ee 



-2C- 



(14) 



C*i = C^ 1 + kC k C° T0 -ee- 2C ' 1 [C k T - 1 + 2(k-l)C k ~ 1 C; 1 ], k = 1,2, 
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satisfies the Gibbons equation (see (10)) 



X-rl 



(e« - ee~ 2C ~ 



0A T o 



dX 
dq 



q T i-d T o le g + C + ee 



-2C' 1 - 



(15) 



where the Riemann mapping is determined by 



\ = e q + Y^C 



n e ~nq 



(16) 



n=0 



Proof: Indeed, a substitution the above series and the hydrodynamic chain (14) into 
the Gibbons equation (15) leads to an identity. 

This Riemann mapping (16) is the same as for a continuum limit of two-dimensional 
Toda lattice. This hydrodynamic chain (14) is a member of an integrable hierarchy gen- 
eralizing (e = 0) an integrable hierarchy containing a continuum limit of two-dimensional 
Toda lattice. 
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